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HEAT KERNEL AND CURVATURE BOUNDS IN RICCI FLOWS 
WITH BOUNDED SCALAR CURVATURE PART H 

RICHARD H. BAMLER AND QI S. ZHANG 


Abstract. In this paper we analyze the behavior of the distance function under Ricci 
flows whose scalar curvature is uniformly bounded. We will show that on small time- 
intervals the distance function is i-H61der continuons in a uniform sense. This implies 
that the distance function can be extended continuously up to the singular time. 


1. Introduction 

In this paper, we extend the estimates of |BZ15] . to prove the following result: 

Theorem 1.1. For any 0 < A < oo and n G N there is a constant C = C{A,n) < oo 
such that the following holds: 

Let (M", (g't)^g[o,i]) ® Ricci flow (dtgt = —2Ricgjj on an n-dimensional compact 

manifold M with the property that r'lgo, 1 + A~^ > —A. Assume that the scalar curvature 
satisfies |i2| < Rq M x [0,1] for some constant 0 < Rq < A. 

Then for any 0 < U < t 2 < 1 and x,y G M. we have the distance bound 

dti {x, y) - Cy/t 2 - h < dt 2 {x,y) < exp [CRy‘^^Jt 2 - h) dt^ (x, y) + C^/t 2 - h. 

In particular, if mm{dti{x,y),dt 2 {x,y)} < D for some D < oo, then 

\dti{x,y) - dt^{x,y)\ < Cyt 2 - h, 
where C may depend on A, D and n. 

By parabolic rescaling, we obtain distance bounds on larger time-intervals. Note that 
Theorem ll.ll is a generalization of |BZ15[ Theorem 1.1], which only provides a bound on the 
distance distortion that does not improve for t 2 close to ti. The constant u[yo, 1 + A~^] 
is defined as the infimum of Perelman’s y-functional (cf |Per02j i f^[go,x] over all r G 
(0,1 -b A~^). For more details see |BZ15( sec 2], The condition u[yo, 1 + A~^] > —A, 
can be viewed as a non-collapsing condition. The exponential factor in the upper bound 
is necessary, as one can see for example in the case in which (M, (yt)tG[o,i]) Ricci 

flow on a hyperbolic manifold and the distance between x, y is very large. The proof of 
Theorem 11.11 will heavily use the results of |BZ15] . in particular the heat kernel bound, 
[BZIS] Theorem 1.4]. 

As a consequence of Theorem m we obtain the following: 

Corollary 1.2. Let (M, {gt) tG[o,T)); T < OO be a Ricci flow on a compact manifold and 
assume that the scalar curvature satisfies R < C < oo on M x [0, T). Then the distance 
function 

d : M X M X [0, T) —^ [0, oo), (x, y, t) i— dflx, y) 
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can he extended continuously onto the domain M x M x [0,T]. 

Note that the corollary does not state that d-p : M x M ^ [0, oo) is a metric on M. 
It only follows that dy is a pseudometric, which means that we may have d'r(x,y) = 0 
for some x ^ y. After taking the metric identification, however, (M/~,dT) is in fact the 
Gromov-Hausdorff limit of (M,^^) bs t T. Here x ~ if and only if dT{x,y) = 0. 
Moreover, since the volume measure converges as well, the space (M/~,d'r) becomes a 
metric measure space with doubling property and this space is the limit of (M, g^) in the 
measured Gromov-Hausdorff sense. 

More generally, we obtain the following consequence of Theorem 11.11 

Corollary 1.3. Let (M*, (5t)tg[o,i]) he a sequence of Ricci flows on n-dimensional compact 
manifolds M* with the property that 1 + A~^] > —A and |i?| < A on M x [0,1] for 
some uniform A < oo. Let Xi G M* he points. Then, after passing to a subsequence, we 
can find a pointed metric space (M, d,x), a continuous function 

d°° ; M X M X [0,1] ^ [0, oo), (x, y, t) i-A df°{x, y) 

and a continuous family of measures ilxt)t&[o,i] such that for any x, y G M, the function t i-A 
df°{x,y) is ^-Holder continuous and such that for any t G [0,1], the metric identification 
(M/ is a metric measure space with doubling property for halls of radius less 

than y/t. Here x y if and only if df^{x, y) = 0. Moreover, for any t G [0,1] the sequence 
(M*, yj, dyj, Xj) converges to (M/~i, df°,/xj, x) in the pointed, measured Gromov-Hausdorff 
sense. 

For the proof of Gorollary 11.31 see section [5l 

Note that if we impose the extra assumption that |i?| < on M x [0,1] for some 
sequence Ri with limj_).oo Ri = 0, then the limiting family of measures is constant 

in time. Unfortunately, however, our results do not imply that (d“)tg[oq] is constant in 
time as well. 

Finally, we mention a direct consequence of Theorem 11.11 which can be interpreted as 
an analogue of the main result of |GN12] in the parabolic case. 

Corollary 1.4. For any 0 < A < oo and n G N there is a constant C = C{A,n) < oo 
such that the following holds: 

Let (M", (yt)xg[o,i]) he a Ricci flow on an n-dimensional compact manifold M with the 
property that ix[yo, 1 + A~^] > —A. Assume that the scalar curvature satisfies \R\ < A on 
M X [0,1]. 

Then for any r > 0 and 0 < ti < t 2 < 1 and x G M we have the following bound for 
Gromov-Hausdorff distance of r-halls 

dGn{B{x,ti,r),B{x,t2,r)) < Cy/\ti - t2\. 

For the rest of the paper, we will fix the dimension n > 2 of the manifold M. Most 
of our constants will depend on n. For convenience we will not mention this dependence 
anymore. 


2. Upper volume bound 


We first generalize the upper volume bound from |Zhal2| or |CW13| . 
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Lemma 2.1. For any ^ < oo there is a uniform eonstant Cq = Co{A) < oo sueh that the 
following holds: 

Let 1 ]) be a Ricci flow on a compact, n-dimensional manifold M with 

|i?| < 1 on M X [—1, ij. Assume that p[ 5 _i, 4] > —A. Then for any {x, t) G M x [0,1] and 
r > 0 we have 

\Bix,t,r)\t<Cor^e^<>F 

Here ISIt denotes the volume of a set S' C M with respect to the metric gt- 

Proof. It follows from |Per02] , [Zhal2] , [CW13] (see also [BZ151 sec 2]), that for any x G M 
and 0 < r < 1 , we have 

(2.1) cr'^ <\B{x,tQ,r)\to ^Cr"-, 

for some constants c, C, which only depend on A. 

Fix some x G M and let iV < oo be maximal with the property that we can find points 
xi, ..., xat G B{x, t, snch that the balls B{xi,t, |), • • • ,B{x]\f, t, |) are pairwise disjoint. 
Note that then 

B{xi,t,l),...,B{xN,t,l) C B{x,t,l). 

So, by (| 2 . 1 I) . we have < C* := (c(|)”')“^C'. Moreover, by the maximality of N, we have 

(2.2) B{xi,t, i) U ... U B{xN,t, i) 3 B{x,t, i). 

We now argue that for all r > ^ 

(2.3) B{xi,t,r) U ... U B{xN,t,r) D B{x,t,r + i). 

Let y G B{x,t,r + |) and consider a time-t minimizing geodesic 7 : [0, Z] —M between 
X and y that is parameterized by arclength. Then I < r + j. By ()2.2[1 we may pick 
i G {1,..., N} such that 7 (i) G B{xi, t, |). Then 

disL(xi, y) < (1-1) + disti( 7 (^), Xj) < I - j < r. 

So y G B{xi,to,r), which confirms (12.31) . 

Let us now prove by induction on A; = 1,2,... that for any x G M 

(2.4) \B{x,t,lk)\t<Ct 

For k = 1, the inequality follows from (|2.1I) (assuming c < 1 and hence C* > C). If the 
inequality is true for k, then we can use (|2.3p to conclude 

\B{x,t, lik + l))|t < \B{xi,t, lk)\t + ... + \B{xN,t, lk)\t <N-C^<a- Ct = 

So (12.41) also holds for /c + 1. This finishes the proof of (12.4p . 

The assertion of the lemma now follows from (j2.1l) for r < 1. For r > 1 choose /c G N 
such that |(/c — 1) < r < \k. Then, by p2.4l) . we have 

\B{x,t,r)\t < \B{x,t,\k)\t < Ct = 

This finishes the proof. □ 
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3. Generalized maximum principle 


Consider a Ricci flow {gt)tei on a closed manifold M. In the following we will consider 
the heat kernel K(x,t]y,s) on a Ricci flow background. That is, for any (y, s) E M x / 
the kernel K{-, •; y, s) is defined for t > s and x E M and satisfies 

{dt - A^)K{x,t;y,s) = 0 and limK{-,t;y,s) = 6y. 

t\s 

Then, for fixed {x,t) E M x /, the function K(x,t-,-,-), which is defined for s < t, is a 
kernel for the conjugate heat equation 

{—ds — Ay + R{y,s))K{x,t;y,s)=0 and lim K{x,t-, ■, s) = 5x- 

S 

Recall that for any s < t and x E M we have 

(3.1) [ K{x,t-,y,s)dgsiy) = 1. 

Jm 


Lemma 3.1. Let (M, (yt)ie[o,i]) be a Ricci flow on a compact manifold M with \R\ < Rq 
on M X [0,1] for some constant Rq > 0. Then for any (x,f) E M x (0,1] we have 

flt /* 


0 


K{xfl]y,s)\R\c\^{y,s)dgs{y)ds < Rq. 


Proof. This follows from the identities 

R'(x,t;y,0)R(y,0)dyo(y) + 2 / f K{x,t-,y,s)\Ric\^{y,s)dgs{y)ds 

Jo Jm 

and (13.ip as well as R{x,t) < Rq and R{-, 0) > —Rq on M. 



□ 


We will now use the Gaussian bounds from |BZ15| to bound the forward heat kernel in 
terms of the backwards conjugate heat kernel based at a certain point and time. Note that 
in the following Lemma we only obtain estimates on the time-interval [0,1], but we need to 
assume that the flow exists on [—1,1]. This is due to an extra condition in |BZ15l Theorem 
1.4]. 


Lemma 3.2. For any ^4 < oo there are uniform constants Ci = Ci{A),Y = Y{A) < oo 
such that the following holds: 

Let (M”,(yi)ie[-i, 1 ]) he a Ricci flow on a compact, n-dimensional manifold M with the 
property that p[y_i, 4] > —A. Assume that |ii| < 1 on Mx [—1,1]. Let 0 < ti < t 2 < t^ < 1 
such that 

y{t2 — tl) < ts — t2 < loy {t2 — ti). 

Then for all x, y E M 

K{x,t2;y,ti) < CiK{y,t3;x,t2). 


Proof. Recall that, by |BZ15[ Theorem 1.4], there are constants Cf 
C*! (^4) < oo such that for any 0 < s < t < 1 


(3.2) 


1 

Cl{t - S)V2 



C2dl{x,y) \ 
t — s / 


<K{x,t-y,s) < ^exp 


Cl{A),C*^ = 


dl{x,y) \ 
C*flt-s)) 


Set now 


Y := and Ci := {Clf{l{)YY/‘^. 
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Then 



This finishes the proof. 


□ 


Next, we combine Lemmas ED and 13.21 to obtain the following bound. 

Lemma 3.3. For any A < oo there are uniform constants C 2 = C 2 {A) < 00 , 62 = 
02 (^) > 0 such that the following holds: 

Let (M-,(5i)ie[-i, 1 ]) be a Ricci flow on a compact, n-dimensional manifold M with the 
property that u[5_i,4] > —A. Assume that |i?| < i2o on M x [—1,1] for some constant 
0 < Rq < 1. Then for any 0 < t < 1 and 0 < a < 02(1 — t) and x G M we have 



Jt-\-a t/M 

Proof. Choose 62 '■= and set 

t3 := t + 2ya < 1. 

So for any s G [t + a,t + 2a] we have 

Y{s — t) <Y ■ 2a = t^ — t < lOYa < lOT {s — t). 

So by Lemma [321 we have for any (y, s) G M x [t + a,t + 2a] 

K{y,s]x,t) < CiK{x,ts-,y,s). 

We can then conclude, using Cauchy-Schwarz, (13.11) and Lemma [3Tl that 
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This proves the desired result. 


□ 


Lemma 3.4. For any A < oo there are constants = C^{A) < oo, 9^ = 9^{A) > 0 such 
that the following holds: 

Let (M”, ((5rt)jg[o,i]) ® Ricci flow on a compact, n-dimensional manifold M with the 

property that > —A. Assume that \R\ < Rq on M x [—1,1] for some constant 

0 < .Ro < 1- Then for any 0 < s < t < 1 with t — s < 93(1 — s) and any x E M, we have 




K{y,s]x,t)\Ric\{y,s)dgs{y)ds < - s- 


Proof. Choose 93 (A) = 92 (A). Then, using Lemma 13.31 


s JM 


K (y, s; X, t) |Ric| (y, s)dgs (y) 

°° rs+2(t-s)2-'‘ 

= E / 


/ K(y,s;x,t)\Ric\(y,s)dgs(y)ds 
JM 


<^C2Rl^^^(t-s)2 


i-k 


k=l 




-k/2 


k=l 


< CC2Rn^^Vt^. 


This proves the desired estimate. 


□ 


Proposition 3.5. For every ^ < 00 there are constants 9^ = 9flA) > 0 and = 
CflA) < 00 such that the following holds: 

Let (M-,(yi)ig[-i, 1]) be a Ricci flow on a compact, n-dimensional manifold M with the 
property that z/[y_i, 4] > —A. Assume that |R| < Rq on M x [—1,1] for some constant 0 < 
Ro < 1. Let R > 1 and [ti, 12 ] C [0,1) be a sub-interval with t 2 — ti < 9^ min{(l —ti), H~^} 
and consider a non-negative function f E C°°(M x [ti,t 2 ]) that satisfies the following 
evolution inequality in the barrier sense: 

-dtf < Af + H\Ric\f - Rf. 

Then 

nmx/(-,ti) < (1 + C4lLRl^'^ytt2 - h) umxf(-,t 2 ). 

Note that with similar techniques, we can analyze the evolution inequality —dtf < 
Af + R|Ric|P/ for any p E (0, 2). 


Proof. We first find that that for any (x, t) E M x [—1,1) and t < s < 1 


A. 

ds 



K(y,s;x,t)dgs(y) 


/M 


(AyK(y,s;x,t) - K(y, s; x,t)R(y, s))dgs(y) 


< Ro / K(y,s;x,t)dgs(y), 

JM 
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which implies 


/ K{y,s]x,t)dgs{y) 

JM. 

So for any (x,f) G M x we have by Lemma 151^ assuming 6*4 < 9^ and 6*3 > 1, 


f{x,t)< / K{y,t2-,x,s)f{y,t2)dgt^{y) 
JM 

rt2 

+ 


[ [ K{y,s]x,t) ■ H\Ric\{y,s) ■ f{y,s)dgsiy)ds 

Jt JM 

< giJoh 2 -t) niax/(-,f2) +-f^( max f) [ f K{y,s;x,t)\Ric\{y,s)dgsiy)ds 

M '•Mx[t,t2] ' Jt Jm 

< e^o(i2-t) niax/(-,f2) +-f^( max f) ■ 

M Mx[t,i2] 


It follows that 


max / < max/(-,t 2 ) + ( max /) • CsHRl^^y/t2 — t. 

Mx[i,t2] M Mx[t,£2] 


So if t 2 — i then 


max / < 
Mx [Ct 2 ] 


e^o (L t) jjiaxM / (•, ^2) 
1 - 


< (1 + 10 C' 3 LIi?Q'^^\/i 2 - t) max/(-,t2)- 


This finishes the proof. 


□ 


4. Proof of Theorem 11.11 

We will first establish a lower bound on the distortion of the distance: 

Lemma 4 . 1 . For every A < 00 there is a constant C5 = 6*5 (A) < 00 such that the 
following holds: 

Let (M-,( 5 i)ig[-i, 1]) be a Ricci flow on a compact, n-dimensional manifold M with the 
property that u[5f_i,4] > —A. Assume that |i2| < 1 on M x [—1,1]. Let [ti,t 2 ] C [0,1] be 
a sub-interval and consider two points xi,X2 € M. Then 

dt2{xi,X2) > dti{xi,X2) - 6 * 57^2 - h. 

Proof. Set d := (it^(xi,X 2 ) and let u G C''^(M x [ti,t2]) n C°°(M x (ti,t 2 ]) be a solution 
to the heat equation 

dtu = Au, •). 

Then for any {x,t) G M x [ti,t 2 ] 

u{x,t)= K{x,t-,y,ti)u{ti)dgtj^{y) = K{x,fy,ti)dt^{xi,y)dgt^{y). 

JM JM 
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Using [BZ151 Theorem 1.4] (compare also with (|3.2p i. we find that by Lemma l2.ll 


lixi,t2) < / 


Cl 


it2 - 


exp 


M 

oo 

y 


dtyi,y) 

'C*{t2-h) 

Cl 


dti(xi,y)dgt, (y) 

dl(xi,y) 


exp 


■ dt^ {xi,y)dgt^ (y) 


< y \B{xuhy 


Cl 


Ui 


k=—oo 

oo 


{t2 - h)C2 


exp 


•,2k-2 




E 


(i 2 _tl)n/ 2 "^PV 4C|(t2-tl) 


k=—oo 


C^{t2-h) 

22k 


■ 2^ 


■ 2 '* 


< 


/■ 


jxjdx 


= Vh - h [ CCqCi exp r2C'o|x|Vi2 - t- < C^/t 2 - h 

V 402 / 

On the other hand, using (13.11) . 


jd - U{x2,t2)\ = 


/ K{x2,t;y,ti){d - dtiixi,y))dgti{y) 

Jm 


< 


/ Kix2,t;y,ti)\dtiixi,X2) - dtiixi,y)\dgt^{y) < / K{x2,t]y,ti)dt^{x2,y)dgt^{y). 

Jm Jm 


So similarly, 

It follows that 
(4.1) 


|d - n(x2,t2)| < Cy/t2 - h- 


\u{xi,t2) - u{x2.,t2)\ > d - 2Cy/t2 - ti- 


Next, consider the quantity |Vm| on M x [ti,t 2 ]- It is not hard to check that, in the 
barrier sense, 

(4.2) (9t|Vu| < AjVuj. 

Since |Vu|(-,ti) < 1, we have by the maximum principle that jVuj < 1 on M x [ti,t 2 ]- So 

\u{xi,t 2 ) - u(x 2 ,t 2 }\ < df 2 (xi,X 2 ). 

Together with (|4.in this gives us 

dt^{xi,X2) > d - 2Cy/t2 - h = dti(xi,X2) - 2Cy/t2 - h. 

This finishes the proof. □ 


For the upper bound on the distance distortion, we will argue similarly, by reversing 
time. The derivation of the bound on jVuj will now be more complicated, since the 
equation ()4.2p will have an extra 4|Ric||Vn| term. We will overcome this difficulty by 
applying the generalized maximum principle from Proposition 13.51 
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Lemma 4.2. For every A < oo there are constants 6 q = 9q{A) > 0 and Cq = Cq{A) < oo 
such that the following holds: 

Let (M-,(50ie[-i, 1 ]) be a Ricci flow on a compact, n-dimensional manifold M with the 
property that u[5_i,4] > —A. Assume that |i?| < i2o on M x [—1,1] for some constant 
0 < -Rq < 1- Let [ii, t 2 ] C [0,1) he a sub-interval with t 2 — ti < 6 q( 1 — ti) and consider two 
points xi,X 2 G M. Then 

dt 2 {xi,X 2 ) < exp {CGRl^‘^^/t^^LJf^dtflxl,X 2 ) + 

Proof. Set d := dt 2 {xi,X 2 ). For z = 1,2 let n* G C‘^(M x [ti,t 2 ]) nC'°°(M x [ti,t 2 )) be a 
solution to the backwards (not the conjugate!) heat equation 

(4.3) -dtUi = Aui, Ui{-,t2) = dt^ixi,-) 

and let Vi G C'*^(Mx [ti, t 2 ])nC'°°(M x [ti, t 2 )) be a solution to the conjugate heat equation 

-dtVi = Avi - Rvi, Vi{-,t2) = dt^ixi,-). 

Note that by the maximum principle, we have on M x [* 1 ^ 2 ] 

(4.4) m + n 2 > min (ni(-,t 2 ) + U 2 i-,t 2 )) > min (dt^ixi, •) + dt 2 {x 2 , •)) > d. 

We also claim that we have for all t G [ti, t 2 ] 

(4.5) n*(-,t) 


This inequality follows by the maximum principle and by the fact that whenever n* > 0, 
we have 

{-dt - ^ t) > q. 

We now make use of the fact that for any x G M, 

Vi{x,ti)= / K{y,t 2 ]x,ti)vi{y,t 2 )dgt 2 {y) = / K{y,t 2 ]x,ti)dt 2 {xi,y)dgt 2 {y) 

JM Jm 


and 


K{y,t2\x,ti) < 




exp 


djix^y) 


{t2 - tl)"/2 

for some constants CJ‘,C'|, which depend only on A. Note that the latter inequality is 
similar to ()3.2I) except that the distance between x,y is taken at time t 2 . This inequality 
follows from |BZ15[ Theorem 1.4] and the subsequent comment in that paper. We can 
hence estimate, similarly as in the proof of Lemma l4.ll 

. . ^ C*i ( djflxi,y) 


ViX 


/M {t 2 -hYn 

So, using (14.511 . we have 

uAxifli) < < lOC^/t2 — h. 

So by (14.4h we have 

Ul{x 2 ,tl) > d - U 2 {x 2 ,ti) > d - 10Cy/t2 - h. 


dt2{xi,y)dgt2{y) < Cy/t2 - h. 


This implies 

(4.6) 


tti(xi,ti) - tti(x 2 ,t 2 )| > d- 20 C^t 2 - h. 
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Taking derivatives of (I4.3p . we obtain the evolution inequality 

—dt\Vui\ < A|Vni| + 4|Ric| • |Vtti| < A|Vui| + (4 + v^)|Ric| • |Vui| — -R|Vni|, 

which holds in the barrier sense. Note that by definition |Vui(-,t 2 )| < 1- So, by Proposi¬ 
tion [33J we have for sufficiently small 6 q 

I Vui(-, ti)| < 1 -|- CRq \/^2 “ ^1- 

So, using (14.6p . we obtain 

dt2{xi,X2) - - u{x2,t2)\ 

< (l -t- CRl^'^y/t 2 - ixi,X 2 ) < exp {CRl^^y/t 2 - ti)dti{xi,X 2 ). 

This finishes the proof. □ 

Next, we remove the assumption t 2 — ti < 06(1 ~ ti) from Lemma 14.21 

Lemma 4.3. For every j 4 < oo there is a constant Cy = Cy{A) < oo such that the 
following holds: 

Let 1 ]) be a Ricci flow on a compact, n-dimensional manifold M with the 

property that > —A. Assume that \R\ < Rq on M x [—1,1] for some constant 

0 < Ro < 1- 0 < < t 2 < 1 and consider two points x, y G M. Then 

dt 2 {x,y) < exp [C 7 Rl^'^^/t 2 - ti)dtflx,y) + € 7^12 - h. 

Proof. In the case in which t 2 — ti < 9 q{ 1 — ti), the bound follows immediately from 
Lemma 14.21 Let us now assume that t 2 — ti > 06(1 — li)- By continuity we may also 
assume without loss of generality that t 2 < 1 - 
Choose times 

and observe that = ti and 

4+1 - 4 = 06(1 - 06)41 - tl) = 06(1 - 4 )- 

So by Lemma 14.21 


1=1 


K 

df^ (x, y) < exp (^CqRI^'^ ^ -^Li) (®’ v) 

k k 

+ C 6 ^exp(c 6 Ro^^ ^ 


1=1 


j=i+i 


Y. \l^'i - = Y - 06)'/'< c'^/^ 


i=i 


1=1 


tl 


Since 
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and 

^ exp ^ 

1 = 1 j=l + l 

k 

< ^exp (c'6C"i2y'Vr^) < C'VT^u 

l=l 

we find that for a generic constant C < oo 

dt'^ ix,y) < exp - h) dt^ (x, y) + C^\ - ti. 

Choose now k such that < t 2 < i'k+i- Then t 2 — — t'j^ < ^6(1 ~ ^i); so again by 

Lemma 14.21 we have 

dt 2 {x,y) < exp {CeRl^^ ^Jh^k)dt'^{x,y) + Ce^t 2 - 

< exp {{C + C6)i?o'^^Vl - ti)dt^{x,y) + C'exp(l + Cq)^/! - ti + CeVl - ^i- 
The claim now follows using yi — ti < 9 q ' y/t 2 — ti- □ 

We can finally prove Theorem 11.11 

Proof of Theorem \l.l\ Consider the Ricci flow (M”, (yt)tg[o,i]) with u[yo, 1 + ^ 

and \R\ < Rq for 0 < Rq < A. After replacing A by 4A + 2, we may assume without loss 
of generality that A > 2 and that we even have u[yo, 1 + 4A“^] > —A. 

We will first prove the distance bounds for the case in which ti > 0 and t 2 < (1+A“^)ti. 
By monotonicity of u (compare with |BZ15[ sec 2]), we find that for any t G [0,1] we have 

4A"^] > iy[go, 1 + 4A"^] > -A. 

Restrict the flow to the time-interval [(1 — (1 + and parabolically rescale 

by to obtain a flow {jjt)t&[A-i,A+i]- Then u[yA-i,4] > —A and |i?| < Rq := 

A“^tiRo < 1- Then ti,t 2 correspond to times ti := A,t 2 := At^^t 2 and we have 

-h = Rl^‘^Vt 2 - h- 

So the distance bounds follow from Lemmas O and Ol 

Consider now the case in which t 2 > (1 + A“^)ti. So ti < Xt 2 , where A := (1-|-A“^)“^ < 
1. By continuity we may assume without loss of generality that ti > 0. Then we can 
hnd 1 < A :2 < A:i such that ti G and t 2 G _\fe 2 -ij_ Using our previous 

conclusions, we find 

k 2 

dt 2 (x, y) > d^k 2 (x, y) - > • • • > du (x, y) - C ^ VA > dt^ (x, y) - C'CX^^^^. 

l=ki 

Since ti < Xt 2 , we have y/t 2 — ti > a/(1 — X)t 2 > Vl — AVA^ 2 . Sq 
dt 2 ix,y) > dti{x,y) - C'C{1 - X)~^^‘^y/t 2 - h. 

This establishes the lower bound. 
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For the upper bound, set := ti, t[ := ^ , 4 i-fc 2 4 i-A: 2 +i ^ 2 - Then 

we have by our previous conclusions 

dt 2 {x, y) < exp {CRy^ ^ dt^ {x, y) 

i=i 

k2—ki + l ki—k2+l 

+ c Y. exp(ci?y^ ^ 

i=i i=i+i 

Similarly as in the proof of Lemma 14.31 we conclude 

dt 2 {x, y) < exp dt^ (x, y) + cVxj^. 

Again, using y/t 2 — ti > \/l — XVX^"^, we get the desired bound. □ 

5. Proof of Corollary 11.31 

Proof of Corollary For each i consider the metric ? on M® with 

dl{x,y)dt. 

Note that by the Holder bound in Theorem 11.11 there is a uniform constant c' > 0 such 
that for all t,t' G [0,1] we have d\i{x,y) > \d\{x^y) whenever \t — t'\ < c'{d\{x,y))‘^. So 
there is a uniform constant c > 0 such that for all t G [0,1] 

(5.1) ?(x,?/) > c(min{d®(x,y),l})^. 

So by the triangle inequality and Theorem ll.il for any A < oo there is a constant C < oo 
such that for any x,y,x',y' G M and t,t' G [0,1] with d\x,y) + d*(x,x') + d\y,y') < A 
we have 

(5.2) \dl{x,y) - dl,ix',y')\ < C{d\x,x^)Y^ + C{Iiy,y')Y^ + C\t - 

We first argue that the sequence (M*,cf) is uniformly totally bounded in the following 
sense: For any 0 < a < b there is a number N = N(a,b) < oo such that for any i and 
any x G M®, the ball B^{x,b) := {x G M® : d^{x,z) < b} contains at most N pairwise 

disjoint balls B^{yj,a), j = 1,... ,m. Fix 0 < a < b and assume without loss of generality 

that o < 1. By m there is a constant b' = b'{b) < oo such that H*(x, b) C B^{x,t, b') for 
all t G [0,1]. 

Assume that yi,---,ym £ B^{x,b) such that the balls B^(yj,a) are pairwise disjoint. 
This implies ^ {yj ^, yj ^) > 2a for all ji 7 ^ . By the Holder bound in Theorem 11.11 we 

may hnd a large integer L = L{a) < 00 such that whenever d^{y,y') > 2a for some points 

y,y' G M®, then d®; {y,y') > a for some I G {1, • • • ,L}. So for any ji / j 2 , there is an 
T 

hi,j 2 ^ • 5 T} such that 

^bi ,.2 ^yh^Vh) > «■ 

L 

This implies the following statement: If we form the L-fold Cartesian product M®T ;= 
(M®)^ = M X ... X M equipped with the metric < 7 ®! 0 ... 0 g\-i and if we define y^ := 
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{Uj,... ,yj) G M*’^, then > a for any ji ^ j 2 . So the |a-balls around yj^ 

are pairwise disjoint and contained in B^{x, ■^,b' + a) x ... x B^{x, b' + a). Using m 
and Leninia l2.ll we conclude that 

which yields an upper bound on m. So the sequence (M*,d ) is in fact uniformly totally 
bounded. 

We may now pass to a subsequence and assume that (M*,d ,Xi) converges to some 
metric space (M,(i,x) in the pointed Gromov-Hausdorff sense. By (15.2p and Arzela- 
Ascoli and after passing to another subsequence, the sequence of time-dependent metrics 
(d*)jg[oq] converges locally uniformly to a time-dependent, continuous family of pseudo¬ 
metrics (dj")tg[o,i] on M. So for any t G [0,1], the pointed metric spaces 
converge to (M/~t, x) in the pointed Gromov-Hausdorff sense. Passing to another 
subsequence once again, and using (|2.1[1 . we can ensure that also the volume forms dgl 
converge uniformly for every rational t G [0,1]. Since < dgl^ < 

the convergence holds for any t G [0,1]. The doubling property for balls of radius less than 
y/t follows from (j2.1jl after parabolic rescaling by . □ 
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